Convergence of linear quadratic regulator (LQR) problems in structures is discussed. The abstract formulation of the system using a variational framework based on sesquilinear forms is considered. Since convergence theorems require uniform stabilizability of the nite dimensional approximating system, we present a detailed proof of a fundamental lemma due to Banks and Ito which can be used to easily verify this condition for many applications. Existing results for the well posedness of the in nite dimensional system and convergence of Galerkin approximations are summarized.
Introduction
In this paper we discuss in detail the proof of Lemma 6.2 in the electronic and CRSC technical report versions of 1] (stated as Lemma 7.13 in 2]) which allows veri cation of uniform stabilizability of a family of nite dimensional approximating systems arising in feedback control formulations. This uniform stabilizability condition is su cient for the desired convergence theorems for gains, controls and trajectories. Since structural applications are of interest to us, the partial di erential equations we consider are second order in time and are motivated by a simple example of a cantilever beam. We discuss details of this proof since it has appeared only in the electronic version of 1] and the proof appearing there was only a sketch of the arguments. We believe the ideas behind this proof can be extended to treat a much larger class of examples than those indicated below.
The system we consider entails Kelvin-Voigt or strong damping and the lemma requires a strong assumption regarding the relationship between the sti ness, Kelvin-Voigt damping and air damping coe cients. This assumption is reasonable for homogeneous structures such as beams, plates or shells with actuators (such as piezoceramic patches) embedded in a manner so that models with material properties which do not vary across the region of the actuators are good approximations.
The theoretical control results we present are valid for systems with bounded observation operators. Since current sensing devices yield observation operators that are discontinuous in nature, we refer the reader to extended results regarding unbounded observation operators in 1, 1 Research supported in part by the U.S. Air Force O ce of Scienti c Research under grants AFSOR F49620-95-1-0236 and AFSOR F49620-98-1-0180. 2 Phone: (919) 515-3968, Fax: (919) 515-1636, email: htbanks@eos.ncsu.edu 3 Phone: (919) 515-6544, Fax: (919) 515-1636, email: rcdelros@eos.ncsu.edu Section 6.2] . We also assume no persistent exogenous force is acting on the system and thus we are interested in applications in which the structure or actuators start with a deformation and vibrates to a steady state. This is also useful in applications where the system is subjected to an impulsive force. For systems with exogenous disturbance, the theory is less complete but a number of computational investigations have been carried out on systems with periodic exogenous forces. We refer the reader to 2] for a summary of results for in nite and nite dimensional control of systems with periodic exogenous disturbance. Numerical con rmation involving LQR control of thin cylindrical shells with transient and periodic exogenous disturbances can be found in 3, 4, 5] . For experimental and numerical results of control of plate systems, see 6] .
In Section 2 we discuss the abstract system and introduce the motivating example which is control of transverse vibrations of a beam as presented in 2]. We then summarize results for in nite dimensional control in Section 3. Approximation, LQR control and the detailed proof of Lemma 6.2 of 1] are given in Section 4.
Abstract System
Consider the abstract second-order (in time) variational system h w(t); i V ;V + 2 ( _ w(t); ) + 1 (w(t); ) = B u(t); V ;V w(0) = w 0 ; _ w(0) = w 1 ; (2. The control operatorB : U ! V where U is the control input space is typically unbounded due to the discontinuous geometry of actuators. The input u(t) 2 U usually models voltage input to the actuators in smart material structure applications. The system (2.1) or equivalently (2.3) arises in the abstract formulation of partial di erential equations governing smart material structures. To illustrate, consider the transverse vibrations of a homogeneous beam with length`, thickness h, width b, linear mass density , Young's modulus E and Kelvin Voigt damping c D . Assume that a pair of identical piezoceramic patches are bonded to opposite sides of the beam covering the region y 1 y y 2 (see Figure 1) . We denote the Young's modulus, linear mass density, thickness and damping coe cient of the patches by E pe ; pe ; h pe and c Dpe , respectively. Cantilever end conditions are assumed with the xed end at y = 0 and free end at y =`. Transverse displacements of the beam will be denoted by w and air damping coe cient by c a . Force and moment balancing yields the strong form of the equation (see 2] for details in the derivation) which when written in weak form is given by Here U = l R and the vector u(t) 2 U represents the time varying voltage to the inner and outer patches. Finally, we de ne the H 2 L -equivalent inner product on V using the sti ness sesquilinear form, i.e., h ; i V = 1 ( ; ).
It can be easily shown that the sesquilinear forms (2.10) satisfy (H1)-(H5) and thus the weak form (2.4) with corresponding boundary (2.8) and initial conditions (2.9) can be abstractly formulated using (2.1) (equivalently (2.14)).
To obtain a rst order formulation of the system (2.1) (or equivalently (2.3)) amenable to semigroup analysis and control methodologies, we de ne the product spaces H = V H and V = V V with norms
It can be readily veri ed that these product spaces also form a Gelfand triple V ,! H ,! V , where V = V V . The control operator is then reformulated as Bu(t) = and we de ne a sesquilinear form : V V ! C l by ( ; ) = ? h 2 ; 1 i V + 1 ( 1 ; 2 ) + 2 ( 2 ; 2 ) for = ( 1 ; 2 ); = ( 1 ; 2 ) 2 V. Thus, for z(t) = (w(t); _ w(t)), the second-order system (2. 
Existence, uniqueness and continuous dependence on data of the solution to (2.1) was rst proven in 9] and can also be found in 2, Chapter 4]. For the rst order form of the system, existence and uniqueness of the solution together with its equivalence to the second order weak solution are presented in 2, 9].
In nite Dimensional Control
The abstract model (2.12) (equivalently (2.14)) is useful in applications where the structure undergoes initial deformations and vibrates to a steady state. Control methods for this case are designed to attenuate only the transient state responses.
The output observations in the observation space Y are given by z ob = Cz(t) where C 2 L(H; Y) is bounded. As already noted, the operator C is often unbounded in applications but we only consider the bounded case here. We also make the simplifying assumption that the full state z = (w; _ w) is available for the computation of the feedback control u(t). In many practical applications, current measuring devices can only deliver partial state measurements hence compensators must be included in the control design. The reader is referred to 2, Chapters 7.5 and 8] for discussions regarding compensators and 1] for a summary of results on unbounded observation operators C.
The quadratic functional we minimize in order to determine the optimal control u for the in nite horizon control problem is
Here, the positive, self-adjoint operator R = (R 1=2 ) 2 2 L(U; U) is used to soft constrain the control input. We do not state results for the nite horizon problem but the reader is referred to discussions in 1, Theorem 3.1] and 2, Chapter 7.2.1].
We rst give the de nitions for the pair (A; B) to be stabilizable and (A; C) to be detectable before stating a theorem which which uses these conditions to guarantee the existence of optimal controls minimizing (3.15).
De nition 3. 
Approximation and Finite Dimensional Control
The solutions to (2.1) or (2.14) together with the optimal controls given by Theorem 3.1 are in nite dimensional. For numerical applications, we use Galerkin approximations to obtain solutions in nite dimensional subspaces V N V H. The bases for these subspaces can consist of modes, splines, polynomials, nite elements, or reduced basis elements. (4.24)
The analogous de nition of stabilizable and detectable matrix pairs for nite dimensional systems will be stated before we present the convergence theorem.
De nition 4. for some constantM > 0 independent of N.
Since the proof of Lemma 6.2 in 1] is given only in sketchy form, we give a detailed proof here. We rst state and prove the following lemmas which will be used in proving Lemma 4.1 below. Proof: Since 1 ( ; ) gives rise to an inner product on V whose induced norm is equivalent to the usual norm in V , then a closer inspection of (4.27) reveals that P N V1 is the projection operator from V into V N under the 1 ( ; ) inner product, i.e., the projection of V 1 onto V N where V 1 is V with the 1 inner product. It follows immediately that P N V1 from V onto V N is well de ned and linear. Now let N be any arbitrary element of V N . Then for any We note that A N 1 is invertible in V N follows from (4.17) and the V -ellipticity of 1 . Thus, The proof of this lemma is similar to the proof given for the previous lemma.
We now give the proof of Lemma 4. The operatorÃ 2 generated by~ 2 isÃ 2 = c a I which is clearly bounded. We then write A ?1 1 as a compact operator on V by A ?1 1 = A ?1 1 i i, since i : V ,! H and i : H ,! V are compact and A ?1 1 is bounded (due to (H2)). SinceÃ 2 is bounded, it follows that A ?1 1Ã 2 is compact on V .
2. If passive contributions are incorporated in the model, i.e., 1 and 2 are of the form (2.10), Lemma 4.1 is applicable only if the actuators are employed in such a manner that the sum of the structure and actuator sti ness coe cients is a multiple of the sum of the structure and actuator Kelvin-Voigt damping (this is necessary to satisfy the assumption 2 = 1 +~ 2 ). One possible way to achieve this is to embed the actuators so that material properties of the composite structure remain constant over the region covered by the patches.
3. The assumption of exponential stability of (A; B) in Theorem 4.2 is guaranteed by Theorem 7.15 in 2].
Concluding Remarks
We presented and proved Lemma 4.1 which can be used to establish uniform stabilizability of approximate nite dimensional systems arising in structural systems. In the context presented, uniform stabilizability is a su cient condition for the convergence of the Riccati solution and control gains. As demonstrated in the remarks above and in 2, Chapter 7], the conditions in the lemma are easily veri able for the motivating example (2.4) in which passive patch contributions are ignored. We point out that these ideas can be readily extended to systems involving shells or plates. For models incorporating general passive patch contributions, the assumption 2 = 1 +~ 2 with~ 2 satisfying the hypothesis in Lemma 4.1 may not be satis ed and the authors are currently extending the lemma to include this more general case. Such an extension would complete the theory for convergence of Riccati and optimal control solutions for systems with no exogenous force and bounded observation operator C. Numerical results demonstrating convergence of suboptimal controls for thin shell structures incorporating passive piezoceramic patch contributions have been demonstrated in 12, 4, 5] .
